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0 Introduction
Let C be a smooth projective curve over an algebraically closed field of characteristic 0,
and X an elliptic surface over C. By this we mean the following: X is a smooth projective
surface with a relatively minimal elliptic fibration
f : X −→ C.
In this paper, we also assume:
(i) f has a global section O, and
(ii) f is not smooth, i.e., there is at least one singular fibre.
To every (Jacobian) elliptic fibration X there is a group of sections Φ(X) with the dis-
tinguished section O as zero. Up to a finite group, Φ(X) is identified with the relative
automorphism group of the fibration.
Due to a formula of Shioda-Tate we have the basic inequalities
0 ≤ rankΦ ≤ ρ(X)− 2
where ρ is the Picard number and the discrepancy in the upper bound is related to the
degree of reducibility of the fibres.
Definition 0.1 An elliptic fibration X is called extremal if and only if ρ(X) = h1,1(X)
(maximal Picard number) and rankΦ(X) = 0.
Let f : X −→ P1 be an extremal elliptic K3 surface. A fibration f is called semi-stable if
each singular fiber of f is of tpye In [MP3]. Here we call a fibration unsemi-stable if it is
not semi-stable.
In [MP2], R.Miranda and U.Persson have classified possible semi-stable fibrations. The
determination of all semi-stable fibrations has been done in [MP3] and [ATZ]. In this paper,
we first classify all possible configurations of unsemi-stable fibrations (cf. Theorem 2.4).
Then we calculate the possible Mordell-Weil Groups for Case(A) (cf.Theorem 3.1), i.e., the
case where each singular fibre of f is not of tpye In. Finally, by using the method in [ATZ],
we will precisely determine which cases in Table 1 are actually realizable (cf.Theorem 0.4).
Let in denote the number of singular fibres of f of type In. Similarly we define i
∗
n, ii, iii,
iv, iv∗, iii∗, ii∗ (cf. [MP1]) . Then we have the following Theorem 0.2.
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Theorem 0.2 Let f : X −→ P1 be an extremal elliptic K3 surface with deg J 6= 0. Then
deg J =
∑
n≥1
n(in + i
∗
n) = 6
∑
n≥1
(in + i
∗
n) + 4(ii + iv
∗) + 3(iii + iii∗) + 2(iv + ii∗)− 12.
Remark 0.3 From [MP1, Lemma 3.1 and Proposition 3.4], we know that the second
equality in Theorem 0.2 is replaced by “≤” in general cases, for example, the fiber type
(II∗, II∗, I2, I1, I1) (cf.[SI, Lemma 3.1]). Thus it (Theorem 0.2)justifies their naming “ex-
tremal”.
Theorem 0.4 Let f : X −→ P1 be an extremal elliptic K3 surface and each singular fibre
of f is not of type In. Then there exists exactly 11 fiber types as given below (table 1). In
particular, Mordell-Weil Group is uniquely determined by the fiber type of f .
♯ the fibre type MW(f) ♯ the fibre type MW(f)
1 (II∗, I∗1 , I
∗
1 ) (0) 7 (IV
∗, IV ∗, IV ∗) Z/3Z
2 (II∗, II∗, IV ) (0) 8 (IV ∗, IV ∗, I∗2 ) (0)
3 (II∗, IV ∗, I∗0 ) (0) 9 (IV
∗, I∗3 , I
∗
1 ) (0)
4 (III∗, III∗, I∗0 ) Z/2Z 10 (I
∗
4 , I
∗
1 , I
∗
1 ) Z/2Z
5 (III∗, IV ∗, I∗1 ) (0) 11 (I
∗
2 , I
∗
2 , I
∗
2 ) Z/2Z⊕ Z/2Z
6 (III∗, I∗2 , I
∗
1 ) Z/2Z
All the above 11 fiber types are realizable.
This paper is organized as follows. In Section 1, we introduce some basic notation and
theorems which will be used in the paper. In Section 2, we first prove Theorem 0.2. Then
we give the combinatorical classification of the possible unsemi-stable fibration (cf.Theorem
2.4). In Section 3, we calculate all possible Mordell-Weil Groups for Case(A) (cf. Theorem
3.1). In Section 4, we prove Theorem 0.4.
At the same time, and indepedently, I.Shimada and D.Q.Zhang present a complete list of
extremal elliptic K3 surfaces by using the different method [SZ].
Acknowledgement. I would like to thank my advisor Professor D.-Q. Zhang for intro-
ducing me to this subject, lending his precious manuscript to me and many enlightening
instructions during my preparation of this paper. I also wish to express my sincere gratitude
to Professor J.Conway and Professor N.Sloane for their helpful correspondences.
1 Preliminaries
(a) Lattices
Let L be a lattice, i.e.,
(i) L is a free finite Z module and
(ii) L is equipped with a non-degenerate bilinear symmetric pairing <,>.
The determinant of L, detL, is defined as the determinant of the matrix I = (< xi, xj >)
where {x1, . . . , xr} is a Z-basis of L (r= the rank of L):
detL = det(< xi, xj >).
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We define the positive- (or negative-) definiteness or the signature of a lattice by that of the
matrix I, noting that these properties are independent of the choice of a basis. An lattice
L is called even if < x, x >∈ 2Z for all x ∈ L. We call L unimodular if detL=1. Let J be a
sublettice of L. We denote its orthogonal complement with respect to <,> by J⊥.
For a lattice L, we denote its dual lattice by L∨. By using pairing, L is embedded in
L∨ as a sublettice with the same rank. Hence the quotient group L∨/L is a finite abelian
group, which we denote by GJ .
For an even lattice L, we define a quadratic form qL with values in Q/2Z as follows:
qL(x mod L) =< x, x > mod2Z.
Lemma 1.1 For j = 1,2, let ∆j = ∆(1)j ⊕ · · · ⊕∆(rj)j be a lattice where each ∆(i)j is of
Dynkin type Aa, Dd or Ee.
(1) Suppose that Φ : ∆1 −→ ∆2 is a lattice-isometry. Then r1 = r2 and Φ(∆(i)1) =
∆(i)2 after relabelling.
(2) Let B(6) = E7 ⊕D6 ⊕D5, B(10) = D8 ⊕D5 ⊕D5, B(11) = D6 ⊕D6 ⊕D6. Then
we have
(i) B(6) ⊂ E7 ⊕D11 is an index-2 lattice extension.
(ii) B(10) ⊂ D5⊕D13 is an index-2 extension, B(10) ⊂ D8⊕D10 is an index-2 extension
and B(10) ⊂ D18 is an index-4 extension.
(iii) B(11) ⊂ D6 ⊕D12 is an index-2 extension, B(11) ⊂ D18 is an index-4 extension.
Proof. We observe that
|det(An)| = n+ 1, |det(Dn)| = 4, |det(E6)| = 3, |det(E7)| = 2, |det(E8)| = 1,
and for an index-n lattice extension L ⊂M one has
|det(L)| = n2|det(M)|.
Then (1) comes from [ATZ, Lemma 1.3], and (2) can be obtained by an easy calculation.
Definition 1.2 (The lattice Dn) [CS] For n ≥ 3,
Dn = {(x1, x2, ..., xn) ∈ Z
n : x1 + · · ·+ xn is even}.
Remark 1.3 From Lemma 1.1, we know D8 ⊕ D5 ⊕ D5 ⊂ D18 is an index-4 extension.
Thus D18/(D8 ⊕D5 ⊕D5) maybe Z/4Z or Z/2Z⊕Z/2Z. In the following Lemma 1.4, We
shall prove that, D18/(D8 ⊕D5 ⊕D5) = Z/2Z⊕ Z/2Z.
Lemma 1.4 For any lattice-isometric embedding i: D5 ⊕D5 ⊕D8 −→ D18, we have
D18/(D5 ⊕D5 ⊕D8) = Z/2Z⊕ Z/2Z.
Proof. We denote A ⊕ B ⊕ C = D5 ⊕ D5 ⊕ D8 and let i : A ⊕ B ⊕ C −→ D18 be a
lattice-isometric embedding. For one generator e of the lattices A, B or C, we assume that
i(e) = (x1, x2, ..., x18) ∈ D18. Since 2 =< e, e >=< i(e), i(e) >=
∑18
i=1 x
2
i and xi is integer,
we have
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Claim 1.5 There are exactly two coordinates of i(e) which are non-zero and each of
which is 1 or −1.
Thus by relabelling the coordinates, we may assume that one generators e1 of A satisfies
i(e1) = (1, 1, 0, ..., 0) or (1,−1, 0, ..., 0).
Then we can use the connections among the generators in Dynkin diagram of D5 to get the
possible coordinates of the generators e1, e2, e3, e4 , e5 of A . After a simple calculation,
we find that, by rebelling the coordinates, we may assume that
i(A) ⊂ (x1, x2, x3, x4, x5, 0, ..., 0) ∩D18 := L1.
On the other hand, we know L1 is a D5 type lattice and i is lattice isometry, thus we get
i(A) = L1.
By using the same method, we may assume that
i(B) = (0, .., 0, x6 , x7, .., x10, 0, .., 0) ∩D18 := L2
and
i(C) = (0, .., 0, x11 , , .., x18) ∩D18 := L3.
Here we will use the orthonormal conditions among i(A), i(B) and i(C).
A direct computation shows that
D18/(L1 ⊕ L2 ⊕ L3) = Z/2Z⊕ Z/2Z.
Thus we prove the Lemma 1.4.
By using the same idea as above proof, we get
Theorem 1.6 For m =
∑k
i=1 ni, we have
Dm/(⊕
k
i=1Dni) = ⊕
k
i=1Z/2Z
for any lattice-isometric embedding i : ⊕ki=1Dni −→ Dm.
(b) Mordell-Weil lattices of elliptic surface
Given an ellipric surface f : X −→ C, let Fν = f
−1(ν) denote the fibre over ν ∈ C, and let
Sing(f) = {ν ∈ C|Fν is singular}.
R = Red(f) = {ν ∈ C|Fν is reducible}.
For each ν ∈ R, let
Fν = f
−1(ν) = Θν,0 +
mν−1∑
i=1
µν,iΘν,i (µν,0 = 1)
where Θν,i (0 ≤ i ≤ mν − 1) are the irreducible components of Fν , mν being their number,
such that Θν,0 is the unique component of Fν meeting the zero section.
Here we denote
E(K) = the group of sections of f,
and
NS(X) = the group of divisors on X modulo algebraic equivalence.
Theorem 1.7 (cf.[Sh, Theorem 1.1,1.2,1.3]) Under the assumptions for the elliptic surfaces
in Introduction, we have
(1) E(K) is a finite generated abelian group.
(2) N(X) is finitely generated and torsion-free.
(3) Let T denote the subgroup of NS(X) generated by the zero section (O) and all the
irreducible components of fibres. Then, there is a natural isomorphism
E(K) ∼= NS(X)/T,
which maps P ∈ E(K) to (P ) mod T .
Theorem 1.8 (cf.[Sh, Lemma 8.1]) For any P , Q ∈ E(K), let
< P,Q >= −(ϕ(P ) · ϕ(Q)) (∗)
where ϕ(P ) (resp. ϕ(Q)), satisfying the condition:
(1) ϕ(P ) ≡ (P ) mod TQ, and
(2) ϕ(P ) ⊥ T .
Then it defines a symmetric bilinear pairing on E(K), which induces the structure of a
positive-definite lattice on E(K)/E(K)tor .
Definition 1.9 The pairing (∗) on the Mordell-Weil group E(K) is called the height pair-
ing, and the lattice
(E(K)/E(K)tor , <,>)
is called the Mordell-Weil Lattice of the elliptic curve E/K or of the elliptic surface f :
S −→ C.
Theorem 1.10 (Explicit formula for the height pairing) [Sh, Theorem 8.6] For any P ,Q ∈
E(K), we have
< P,Q >= χ+ (PO) + (QO)− (PQ)−
∑
ν∈R
contrν(P,Q),
< P, P >= 2χ+ 2(PO)−
∑
ν∈R
contrν(P ).
Remark 1.11 Here χ is the arithmetic genus of S, and (PO) is the intersection number
of the sections (P ) and (O), and similarly for (QO),(PQ). The term contrν(P,Q) stands
for the local contribution ar ν ∈ R, which is defined as follows: suppose that (P ) interests
Θν,i and (Q) intersects Θν,j. Then we let
contrν(P,Q) =
{
(−A−1ν )i,j , if i ≥ 1, j ≥ 1,
0, otherwise.
where the first one means the (i, j)-entry of the matrix (−A−1ν ). Further we set
contrν(P ) = contrν(P,P ).
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Arrange Θi = Θν,i (i = 0, 1, · · · ,mν − 1) so that the simple components are numbered as
in the figure below.
Ib
Θ1
Θ0
Θb−1
Θ0 Θ1
Θ2 Θ3
I
∗
b
For the other types of reducible fibres, the numbering is irrelevant. Assume that (P )
intersects Θν,i and (Q) intersect Θν,j with i > 1,j > 1. Then we have the following table:
the forth row is for the case i < j (interchange P , Q if necessary).
T−ν A1 E7 A2 E6 Ab−1 Db+4
type of Fν III III
∗ IV IV ∗ Ib(b ≥ 2) I
∗
b (b ≥ 0)
contrν(P )
1
2
3
2
2
3
4
3
i(b−i)
b
{
1, i = 1
1 + b4 , i > 1
contrν(P,Q)(i < j) - -
1
3
2
3
i(b−i)
b
{
1
2 , i = 1
(2+b)
4 , i > 1
Theorem 1.12 (cf.[MP1, Lemma 3.1 and Proposition 3.4]) For an elliptic fibration π:
X −→ P1, we have the following formulas:
deg J =
∑
n≥1
n(in + i
∗
n),
and if furthermore deg J 6= 0, then we also have
deg J ≤ 6
∑
n≥1
(in + i
∗
n) + 4(ii + iv
∗) + 3(iii + iii∗) + 2(iv + ii∗)− 12.
2 The possible configurations of the unsemi-stable fibra-
tions
We shall prove Theorem 0.2 in the present section.
Let f : X −→ P1 be a (relatively) minimal elliptic surface over P1 with a distinguished sec-
tion O. The complete list of possible fibers has been given by Kodaira [K1]. It encompasses
two infinite families (In, I
∗
n, n ≥ 0) and six exceptional cases (II, III, IV, II
∗, III∗, IV ∗).
And they can be considered as sublattices of the Neron-Severi group of X and as such they
have rank (= r(F )). If e(F ) denotes the Euler number of the fiber as a reduced divisor, we
can set up the following table.
I0 In(n ≥ 1) I
∗
n(n ≥ 0) II III IV IV
∗ III∗ II∗
e 0 n n+ 6 2 3 4 8 9 10
r 0 n− 1 n+ 4 0 1 2 6 7 8
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Lemma 2.1 (cf.[MP1, Corollary 1.3]) In all cases 0 ≤ e− r ≤ 2. Moreover,
(1) e− r = 0⇐⇒ the fibre F is smooth, i.e., of type I0;
(2) e− r = 1⇐⇒ the fibre F is semi-stable, i.e., of type In ,n ≥ 1;
(3) e− r = 2⇐⇒ the fibre F is unstable.
In the following discussion, we denote
[Q1] :=
∑
n≥1
nin +
∑
n≥1
(n+ 6)i∗n + 6i
∗
0 + 10ii
∗ + 9iii∗ + 8iv∗ + 4iv + 3iii+ 2ii.
[Q2] :=
∑
n≥1
(n− 1)in +
∑
n≥1
(n+ 4)i∗n + 4i
∗
0 + 8ii
∗ + 7iii∗ + 6iv∗ + 2iv + iii.
[Q3] :=
∑
n≥1
in + 2(
∑
n≥1
i∗n + i
∗
0 + ii
∗ + iii∗ + iv∗ + iv + iii + ii).
[Q4] := 6
∑
n≥1
(in + i
∗
n) + 4(ii + iv
∗) + 3(iii + iii∗) + 2(iv + ii∗)− 12.
[Q5] := i∗0 + iv + iii+ ii.
It is easy to see [Q1] = 24, [Q2] = ρ(X) − 2 and [Q1]− [Q2] = [Q3].
Lemma 2.2 Let f : X −→ P1 be an elliptic surface over P1 with ρ(X) = a(≤ 20). If
deg J 6= 0, then we have
(1) [Q4]− deg J = 6(20 − a− [Q5]).
(2) 0 ≤ [Q5] ≤ 20 − a.
Proof. By Theorem 1.12, we have
[Q4]− deg J = [Q4]−
∑
n≥1
n(in + i
∗
n)
= [Q4]− 24 +
∑
n≥1
6i∗n + 6i
∗
0 + 10ii
∗ + 9iii∗ + 8iv∗ + 4iv + 3iii + 2ii
= 6
∑
n≥1
in + 12(
∑
n≥1
i∗n + ii
∗ + iii∗ + iv∗) + 6[Q5]− 36
= 6([Q3] − [Q5]− 6)
= 6(20 − a− [Q5]) ≥ 0.
Proof of Theorem 0.2. In this case, a = 20, by Lemma 2.2, we get the result.
Lemma 2.3 Assume X is an extremal elliptic K3 surface with an unsemi-stable fibration
f : X −→ P1. Let m be the number of singular fibers of f . Then
(a)
∑
(e(F ) − r(F )) = 6.
(b) 3 ≤ m ≤ 5.
Proof. Since X is K3 surface,
∑
e(F ) = 24. Also since X is extremal,
∑
r(F ) = ρ−2 = 18.
This proves (a). (b) follows from Lemma 2.1 and our definition of unsemi-stable fibration.
In the following discussion, we denote Fi (i=1,2,3) as the singular fiber of f which is not of
type In.
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Theorem 2.4 Let f : X −→ P1 be an extremal elliptic K3 unsemi-stable fibration. Then
the number m of the singular fibers of f is 3, 4 or 5.
(A) If m = 3, then the possible fiber types of (F1, F2, F3) are listed in the following.
(II∗, I∗1 , I
∗
1 ), (II
∗, II∗, IV ), (II∗, IV ∗, I∗0 ), (III
∗, III∗, I∗0 ),
(III∗, IV ∗, I∗1 ), (III
∗, I∗2 , I
∗
1 ), (IV
∗, IV ∗, IV ∗), (IV ∗, IV ∗, I∗2 ),
(IV ∗, I∗2 , I
∗
2 ), (IV
∗, I∗3 , I
∗
1 ),(I
∗
2 , I
∗
2 , I
∗
2 ), (I
∗
2 , I
∗
3 , I
∗
1 ), (I
∗
4 , I
∗
1 , I
∗
1 ).
(B) If m = 4, then the possible fiber types of (F1, F2, In3 , In4) are listed in the following.
(B.1) (I∗n1 , I
∗
n2
, In3 , In4) where n1 ≥ n2 ≥ 1 and
∑4
i=1 ni = 12.
(B.2)
(i) (I∗n1 , II
∗, In3 , In4) where n1 + n3 + n4 = 8 and n1 ≥ 1.
(ii) (I∗n1 , III
∗, In3 , In4) where n1 + n3 + n4 = 9 and n1 ≥ 1.
(iii) (I∗n1 , IV
∗, In3 , In4) where n1 + n3 + n4 = 10 and n1 ≥ 1.
(B.3.1)
(i) (II∗, II∗, In3 , In4) where n3 + n4 = 4.
(ii) (II∗, III∗, In3 , In4) where n3 + n4 = 5.
(iii) (II∗, IV ∗, In3 , In4) where n3 + n4 = 6.
(B.3.2)
(i) (III∗, III∗, In3 , In4) where n3 + n4 = 6.
(ii) (III∗, IV ∗, In3 , In4) where n3 + n4 = 7.
(B.3.3)
(IV ∗, IV ∗, In3 , In4) where n3 + n4 = 8.
(C) If m = 5, then the possible fiber types of (F1, In2 , In3 , In4 , In5) are listed in the
following.
(i) (I∗n1 , In2 , In3 , In4 , In5) where
∑5
i=1 ni = 18 and n1 ≥ 1.
(ii) (II∗, In2 , In3 , In4 , In5) where
∑5
i=2 ni = 14.
(iii) (III∗, In2 , In3 , In4 , In5) where
∑5
i=2 ni = 15.
(iv) (IV ∗, In2 , In3 , In4 , In5) where
∑5
i=2 ni = 16.
Proof. We discuss deg J = 0 and deg J 6= 0 separately.
If deg J = 0, then m = 3. By [Q2] = 18, we have
18 = iii + 2iv + 6iv∗ + 7iii∗ + 8ii∗ + 4i∗0.
Thus we have the following possible fiber types:
(II∗, II∗, IV ), (II∗, IV ∗, I∗0 ), (III
∗, III∗, I∗0 ), (IV
∗, IV ∗, IV ∗).
If deg J 6= 0, then by Lemma 2.2, we have i∗0 + iv + iii+ ii = 0 and
24 =
∑
n≥1
nin +
∑
n≥1
(n+ 6)i∗n + 10ii
∗ + 9iii∗ + 8iv∗ := [a].
If m = 3, then we have
24 =
∑
n≥1
(n + 6)i∗n + 10ii
∗ + 9iii∗ + 8iv∗.
Thus we have the following possible fiber types:
(II∗, I∗1 , I
∗
1 ), (III
∗, IV ∗, I∗1 ), (III
∗, I∗2 , I
∗
1 ), (IV
∗, IV ∗, I∗2 ), (IV
∗, I∗2 , I
∗
2 ),
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(IV ∗, I∗3 , I
∗
1 ), (I
∗
2 , I
∗
2 , I
∗
2 ), (I
∗
2 , I
∗
3 , I
∗
1 ), (I
∗
4 , I
∗
1 , I
∗
1 ).
Combining the above results, we prove Case(A).
If m = 4, then with [Q3] = 6, we have
2 =
∑
n≥1
i∗n + ii
∗ + iii∗ + iv∗ := [b]
and
[a]− 6× [b] =
∑
n≥1
nin +
∑
n≥1
ni∗n + 4ii
∗ + 3iii∗ + 2iv∗ = 12.
This proves Case(B).
If m = 5, then with [Q3] = 6, we have
1 =
∑
n≥1
i∗n + ii
∗ + iii∗ + iv∗ := [c]
and
[a]− 6× [c] =
∑
n≥1
nin +
∑
n≥1
ni∗n + 4ii
∗ + 3iii∗ + 2iv∗ = 18.
This proves Case(C).
3 The possible Mordell-Weil Groups for Case (A)
We shall prove the following Theorem 3.1 in the present section. For simplity, we label the
fiber types which appeared in Case(A) of Theorem 2.4.
Theorem 3.1 The possible Mordell-Weil Groups for Case (A) are listed in the following
table:
♯ the fibre type MW (f) ♯ the fibre type MW (f)
1 (II∗, I∗1 , I
∗
1 ) (0) 8 (IV
∗, IV ∗, I∗2 ) (0)
2 (II∗, II∗, IV ) (0) 9 (IV ∗, I∗3 , I
∗
1 ) (0)
3 (II∗, IV ∗, I∗0 ) (0) 10 (I
∗
4 , I
∗
1 , I
∗
1 ) (0), Z/2Z
4 (III∗, III∗, I∗0 ) (0), Z/2Z 11 (I
∗
2 , I
∗
2 , I
∗
2 ) (0), Z/2Z, Z/2Z⊕ Z/2Z
5 (III∗, IV ∗, I∗1 ) (0) 12 (I
∗
2 , I
∗
3 , I
∗
1 ) (0)
6 (III∗, I∗2 , I
∗
1 ) (0), Z/2Z 13 (IV
∗, I∗2 , I
∗
2 ) (0)
7 (IV ∗, IV ∗, IV ∗) (0), Z/3Z
We now explain the outline of the proof of Theorem 3.1. Firstly, we deal with types
1,2,3,5,8,9,13 (cf. Lemma 3.2). Then we calculate the possible nontrivial Mordell-Weil
Groups of types 4,6,7,10,11 (cf. Lemma 3.4). Finally we deal with type 12 (cf. Lemma 3.5).
Lemma 3.2 For type m, where m = 1,2,3,5,8,9 or 13, the possible Mordell-Weil Group is
(0).
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Proof. With Definition 1.9, Theorem 1.10 and Remark 1.11, it is easy to prove Lemma
3.2. For example, m = 1, if there is a non zero section, say, P1 ∈ E(K)tor , where the i-th
component of P1 is indicated in Remark 1.11, then by Theorem 1.10, we have
0 =< P1, P1 >= 2χ(OX) + 2(P1O)−


0, i = 0,
1, i = 1,
1 + 14 , i > 1.
−


0, i = 0,
1, i = 1,
1 + 14 , i > 1.
With 2χ(OX) = 4 and (P1O) ≥ 0, we get a contradiction. The others can be proved by the
same method.
Remark 3.3 In the following calculation, we let Gi, Hi and Ji be the i-th component in
the corresponding fiber type F1, F2, F3 respectively (cf.Theorem 2.4). The numbering of
the singular fiber is defined as following diagrams. Meanwhile, “P1 pass through the (i, j, k)
component” means P1 only intersect Gi, Hj and Gk in the corresponding fiber type F1, F2
and F3 respectively.
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.
.
.
.
.
2
3
4
5
6
7
III
∗
0 1
6
0 1 2
3 4 5
0 1 2 3
4
IV
∗
I
∗
n
n+4
Lemma 3.4 The possible nontrivial Mordell-Weil Group of type 4 (resp. 6,7,10,13) is Z/2Z
(resp. Z/2Z, Z/3Z, Z/2Z, Z/2Z or Z/2Z⊕ Z/2Z).
Proof. We only show how to deal with type 6, the others can be done by the same way.
For m=6, the fiber type is (III∗, I∗2 , I
∗
1 ). If the Mordell-Weil Group is nontrivial, then for
a non zreo section P1, by Theorem 1.10, we have
0 =< P1, P1 >= 2χ(OX ) + 2(P1O)−


0, i = 0,
1, i = 1,
1 + 12 , i > 1, (∗)
−


0, i = 0,
1, i = 1,
1 + 12 , i > 1, (∗)
−


0, i = 0,
1, i = 1, (∗)
1 + 12 , i > 1.
Thus we may assume that the section P1 pass through the (1, 2, 1) component. An easy
calculation shows
P1 = O + 2F +
7∑
i=1
αiGi +
6∑
j=1
βjHj +
5∑
k=1
γkJk
where
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(αi) = (−
3
2
,−
3
2
,−3,−2,−1,−
5
2
,−2),
(βj) = (−
1
2
,−
3
2
,−1,−2,−
3
2
,−1),
(γk) = (−1,−
1
2
,−
1
2
,−1,−1).
and there doesn’t exist another non-zero section. Thus the possible nontrivial Mordell-Weil
Group of type 6 is Z/2Z.
Lemma 3.5 The possible Mordell-Weil Group of type 12 is trivial, i.e., (0).
Proof. Assume Lemma 3.5 is false. By the same disscussion as above, we may assume that
there is a nonzero section P passing through the (1, 2, 2) component. An easy calculation
shows
P = O + 2F +
6∑
i=1
Giθi +
7∑
j=1
βjHj +
5∑
k=1
γkJk
where
(αi) = (−1,−
1
2
,−
1
2
,−1,−1,−1),
(βj) = (−
1
2
,−
7
4
,−
5
4
,−
3
2
,−2,−
5
2
,−1),
(γk) = (−
1
2
,−
5
4
,−
3
4
,−
3
2
,−1).
Thus the possible nontrival Mordell-Weil Group of type 12 is Z/4Z. That is to say, this
group has at least two nonzero distinct sections, say, P1, P2. On the other hand, with
Theorem 1.10, we have
0 =< P1, P2 >= 2− (P1P2)− 1−
{
1 + 34 , i = j > 1,
5
4 , j > i > 1.
−
{
1 + 14 , i = j > 1,
3
4 , j > i > 1.
< 0.
Thus we get a contradiction and prove Lemma 3.5.
Combining Lemma 3.2, 3.4 and 3.5, we prove Theorem 3.1.
4 The complete determination of the Mordell-Weil Groups
for Case (A)
We shall prove Theorem 0.4 in the present section.
Lemma 4.1 (cf.[ATZ, Lemma 3.1]) Let S be an even symmetric lattice of rank 20 and
signature (1, 19) and T a positive definite even symmetric lattice of rank 2. Assume that
ϕ: T∨/T −→ S∨/S is an isomorphism which induces the the following equality involving
Q/2Z-valued discriminant (quadratic) forms:
qS = −qT .
Let X be the unique K3 surface (up to isomorphisms) with the transcendental lattice TX =
T . Then the Picard lattice PicX is isometric to S.
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Lemma 4.2 Let f : X −→ P1 be of type m where m = 4, 6,7,10,11,12 and 13. Then
(1) MW (fm) 6= (0), and further
(2) MW (f11) 6= Z/2Z.
Proof. Suppose the contrary that f : X −→ P1 is of the corresponding type withMW (f) =
(0). Let (bij) be the intersection metrix of the transcendental lattice T = TX , then
det (bij) = |det (PicX)| (cf.[BPV]). Modulo congruent action of SL(2,Z), we may assume
that −b11 < 2|b12| ≤ b11 ≤ b22 , and that b12 ≥ 0 when b11 = b22.
Embed T , as a sublattice, into T∨ = HomZ(T,Z). Then T
∨/T ∼= (PicX)∨/(PicX).
On the other hand, T∨ has a Z-basis (e1, e2)(bij)
−1 = (g1, g2), where e1,e2 form a canonical
basis of T . Then comparing the order of (gi) (i = 1,2) with T
∨/T , we will get a contraction.
For simplity, we only show the case for m = 4, the others can be done by the same way.
m T∨/T the possible T = (bij) order of g1, g2
4 Z/2Z⊕ Z/2Z⊕ diag [2, 8] 2,8
(Z/2Z⊕ Z/2Z) diag [4, 4] 4,4
Remark 4.3 From Theorem 3.1 and Lemma 4.2, we know that there does not exist type
12 or 13. The existence of type m = 1,3,4,7 can be found in [SI] (page121, 131 and 132).
Thus the Mordell-Weil Group of type 1 (resp. 3,4,7) is (0) (resp. (0), Z/2Z, Z/3Z ).
Lemma 4.4 Consider the pairs below:
(m,Gm) = (2, (0)), (5, (0)), (6,Z/2Z), (8, (0)), (9, (0)), (10,Z/2Z), (11,Z/2Z ⊕ Z/2Z).
For each of these seven pairs (m,Gm), there is a Jacobian elliptic K3 surface fm: Xm −→
P1 of type m such that (m,MW (fm)) = (m,Gm).
Proof. Let Tm, m = 2,5,6,8,9, 10 and 11 be the positive define symmetric lattice of rank
2 with the following intersection form, respectively:(
2 1
1 2
)
,
(
2 0
0 12
)
,
(
2 0
0 4
)
,
(
6 0
0 6
)
,
(
4 0
0 12
)
,
(
4 0
0 4
)
,
(
2 0
0 2
)
.
For m = 2,5,8,9, let Sm be the lattice of rank 20 and signature (1, 19) with the following
intersection form, respectively
U ⊕ E8 ⊕ E8 ⊕A2, U ⊕ E7 ⊕ E6 ⊕D5, U ⊕ E6 ⊕ E6 ⊕D6, U ⊕E6 ⊕D7 ⊕D5.
We now show how to define S6. S10 and S11 can be defined by the similar way.
Let Γ6 be the lattice U ⊕E7⊕D6⊕D5, with Gi(1 ≤ i ≤ 7), Hj(1 ≤ j ≤ 6), Jk(1 ≤ k ≤ 5)as
the canonical basis of E7 ⊕D6 ⊕D5 which are indicated in Section 3, and O, F as a basis
of U such that O2 = −2, F 2 = 0,OF = 1.
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We extend Γ6 to an index-2 integral over lattice S6 = Γ6 + Zs6, where
s6 = O + 2F + [−
3
2
G1 −
3
2
G2 − 3G3 − 2G4 −G5 −
5
2
G6 − 2G7]
+ [−
1
2
H1 −
3
2
H2 −H3 − 2H4 −
3
2
H5 −H6]
+ [−J1 −
1
2
J2 −
1
2
J3 − J4 − J5].
It is easy to see that intersection form on Γ6 can be extend to an integral even symmetric
lattice of signature (1, 19). Indeed, setting s = s6, we have
s2 = −2, s · F = s ·G1 = s ·H2 = s · J1 = 1,
s ·Gi = s ·Hj = s · Jk = 0 (∀i 6= 1, j 6= 2, k 6= 1).
Moreover, |det(S6)| = |det(Γ6)|/2
2 = 8.
Note that Γ∨6 = HomZ(Γ6,Z) contains Γ6 as a sublettice with E7⊕D6⊕D5 as the factor
group, and is generated by the following, modulo Γ6:
h1 = (1/2)(G1 +G2 +G6),
h2 = (1/2)(H1 +H2 +H5),
h3 = (1/2)(H1 +H3 +H5),
h4 = (1/4)(2J1 + J2 − J3 + 2J4).
Since (S6)
∨ is an (index-2) sublettice of (Γ∨6 ), an element x is in (S6)
∨ if and only if
x =
∑4
i=1 aihi(modΓ6) such that x is integral on S6, i.e.,
x · s = (a1 + a2 + a4)/2
is an integer. Hence (S6)
∨ is generated by the following module Γ6:
h1 + h2, h1 + h4, h2 + h4, h3.
Noting that 2h1,2h2 ∈ S6 and h1 + h2 + 2h4 is equal to s (mod Γ6) and hence contained in
S6, we find that (S6)
∨ is generated by the following, modulo Γ6:
ǫ1 = h3 , ǫ2 = h1 + h4.
Now the fact that |(S6)
∨/S6| = 8 and that 2ǫ1,4ǫ2 ∈ S6 imply that (S6)
∨/S6 is a direct sum
of its cyclic subgroups which are of order 2,4, and generated by ǫ1, ǫ2, modulo S6.
We note that the negative of the discriminant form
−q(S6) = (−(ǫ1)
2)⊕ (−(ǫ2)
2) = (3/2) ⊕ (3/4).
Similarly, we can get
−q(S10) = (−(ǫ1)
2)⊕ (−(ǫ2)
2) = (5/4) ⊕ (5/4),
−q(S11) = (−(ǫ1)
2)⊕ (−(ǫ2)
2) = (1/2) ⊕ (1/2),
for suitable generators ǫ1, ǫ2 in the corresponding cases.
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Claim 4.5 The pair (Sm, Tm) satisfies the conditions of Lemma 4.1 and hence if we let Xm
be the unique K3 surface with TXm = Tm then PicXm = Sm (both two equalities here are
modulo isometries).
Proof of the claim. We need to show that qTm = −qSm.
(1) m 6= 2. (Sm)
∨/Sm is generated by two elements ǫi (i=1,2) (ǫi is a simple sum of the
natural generators of (Sm)
∨/Sm) such that for every a,b ∈ Z one has −qSm(aǫ1 + bǫ2) =
−a2(ǫ1)
2 − b2(ǫ2)
2. For all six m where m 6= 2, ǫi can be choosen such that (−ǫ
2
1,−ǫ
2
2) is
respectively given as follows:
(3/2, 7/12), (3/2, 3/4), (5/6, 5/6), (7/12, 7/4), (5/4, 5/4), (1/2, 1/2).
On the other hand, (Tm)
∨ (m 6= 2) is generated by (g1, g2) = (e1, e2)T
−1
m , where e1, e2
form a canonical basis of Tm which gives rise to the intersection matrix of Tm shown before
this claim. Now the claim follows from the existence of the following isomorphism, which
induces qTm = −qSm:
φ : (Tm)
∨/Tm −→ (Sm)
∨/Sm, (g1, g2) = (ǫ1, ǫ2)Bm.
Here Bm is respectively given as:(
1 1
6 1
)
,
(
1 1
2 1
)
,
(
2 5
1 2
)
,
(
3 2
2 1
)
,
(
2 1
1 2
)
,
(
1 0
0 1
)
for m = 5,6,8,9,10 and 11 respectively.
(2) m = 2. In this case, we know (T2)
∨ is generated by (g1, g2) = (e1, e2)T
−1
2 , where e1, e2
form a canonical basis of T2 which gives rise to the intersection matrix of T2 shown before
this claim. In fact we have
g1 ≡ g2 (modT2).
Thus (T2)
∨/T2 is generated by one element g1, and the natural isomorphism
φ : g1 −→ ǫ1
will give qT2 = −qS2 , where ǫ1 is a canonical Z-basis of A2 and such that for every a ∈ Z,
we have −qS2(aǫ1) = −a
2(ǫ1)
2.
Write Sm (resp. Γm) as U ⊕B(m) with B(m) as in the definitions of them. Let O, F be a
Z-basis of U for all m. By [PSS, p.573, Theorem 1], after an (isometric) action of reflections
on Sm = PicXm, we may assume at the beginning that F is a fibre of elliptic fibration fm:
Xm −→ P
1. Since O2 = −2, Riemann-Roch Theorem implies that O is an effective divisor
for O ·F > 0. Moreover, O · F = 1 implies that O = O1 +F
′ where O1 is a cross-section of
fm and F
′ is an effective divisor contained in fibres. So fm is a Jacobian elliptic fibration
and we can choose O1 as the zero element of MW (fm).
Let Λm be the lattice generated by all fiber components of fm. Clearly, Λm = ZF ⊕ ∆,
∆ = ∆(1)⊕· · ·⊕∆(r) (depending on m), where each ∆(i) is a negative definite even lattice
of Dynkin type Ap, Dq, or Er, contained in a single reducible fibre Fi of fm and spanned
by smooth components of Fi disjoint from O1.
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Claim 4.6 We have
(1) SpanZ{x ∈ Sm|x · F = 0, x
2 = −2} = Λm = ZF ⊕ B(m); in particular, there are
lattice-isometries: ∆ ∼= B(m).
(2) MW (fm) = (0) for m = 2,5,8 and 9.
(3) MW (fm) = Z/2Z for m = 6,10.
(4) MW (fm) = Z/2Z⊕ Z/2Z for m = 11.
Proof of the claim. The first equality in (1) is from Kodiara’s classification of elliptic
fibres and the Riemann-Roch Theorem as used prior to this claim to deduce O ≥ 0. The
second equality is clear for that cases of m = 2, 5, 8 and 9, because then PicXm = Sm =
(ZO + ZF )⊕B(m).
We now show the second equality for m = 6,10 and 11 using Lemma 1.1. Clearly,
ZF ⊕B(m) is contained in the first term of (1) and hence in Λm. We also have
19 = rankSm − 1 ≥ rankΛm = 1 + rank∆ = 1 + rankB(m) = 19.
Hence ∆ = ∆(1)⊕· · ·⊕∆(r) ∼= Λm/ZF contains a finite-index sublettice (ZF⊕B(m))/ZF ∼=
B(m),
Suppose the contrary that the second equality in (1) is not true. Then B(m) is an
index-n (n > 1) sublattice of ∆.
For m = 6, by Lemma 1.1, we know ∆ = E7 ⊕ D11. On the other hand, if we denote
s′6 = s6 −O − 2F , then we have
Λ6 ⊂ SpanZ{x ∈ Sm|x · F = 0} = SpanZ{F,Gi,Hj, Jk, s
′
6}
where 1 ≤ i ≤ 7, 1 ≤ j ≤ 6 and 1 ≤ k ≤ 5.
Thus we get (modZF )
E7 ⊕D11 ⊂ SpanZ{Gi,Hj, Jk, s
′
6}
By a simple calculation, we find that for any element e ∈ D11−(D6⊕D5), e /∈ SpanZ{Gi,Hj , Jk, s
′
6}.
Thus we get a contradiction.
Similarly, we can prove the second equality in (1) for m = 10, 11. The assersion (2),(3)
and (4) follow from the fact in [Sh, Theorem 1.3], that MW (fm) is isomorphic to the factor
group of PicXm modulo (ZO1 + ZF )⊕∆, where the latter is equal to
(ZO + ZF ) + ∆ = (ZO + ZF )⊕B(m) = U ⊕B(m).
This proves the claim. And this completes the lattice-theoretical proof of Lemma 4.4.
Combining Remark 4.3 and Lemma 4.4, we prove Theorem 0.4.
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